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Abstract. Intensity fluctuations of amplified spontaneous emission (ASE) in a
bidirectional laser amplifier are analysed using a noise amplifier rate equation
model. In contrast to the unidirectional case, in which saturation leads to laser- -
like intensity statistics, we have found that the saturation, as the mechanism for
coupling between the counter-propagating beams, in general leads to a non-zero
asymptotic value for the intensity fluctuations. For a symmetric amplifier the
normalized variance of the output intensity fluctuations declines with increasing
amplifier length from the initial value of unity to a limiting value of approximately
0-277. In contrast, when the noise sources of the two counter-propagating beams
have unequal mean intensities, the normalized variance of the stronger beam
declines more rapidly with length to less than 0-277 while for the weaker beam it
reaches a limiting value greater than 0-277. We also find that there are features of
the mode competition which are closely related to those observed in a two-mode
ring laser. )

1. Introduction .

Laser amplifiers have received considerable attention in the context of efforts to
understand cosmic masers [1] or the characteristics of optical amplifiers in
applications such as optical communications and fusion research. However, previous
analyses have faced a number of complicating factors including the finite spectral
width of the radiation, the generally extended amplifier dimensions admitting many
spatial modes, the existence of counter-propagating beams in even the most
confining special case of a narrow cylindrical geometry, the finite amplifier length
requiring consideration of propagation effects, and the possibility of atomic coherent
phenomena in coupling between the optical signal and the medium.

Early work on laser amplifiers concentrated on the variation of the mean intensity
and the spectral profile with amplifier length for both unidirectional and bidirec-
tional cases. These models generally neglected intensity fluctuations and coherent
effects and treated the evolution of the intensity via rate equations. The results
include such features as gain-narrowing and saturation rebroadening of the spectral

1 Present address: Lawrence Livermore Laboratory, University of California, P.O. Box
808, Livermore, California 94550, U.S.A.

0030-3909/79/2610 1297 $02:00 . -



1298 N. B. Abraham and E. B. Rockower

profile (the latter when the initial gain of the medium is inhomogeneously
broadened) and the growth of intensity with amplifier length (see for example [2] and
[3] and references therein).

Theoretical work on intensity fluctuations has been limited to the consideration
of unidirectional systems. Results reported include an early demonstration of ‘excess
fluctuations’ due to coupling between frequency components in the broadband
signal [4], analytic treatment of a noise amplifier rate equation without coherent
interactions [5, 6] and numerical modelling of a noise ampllﬁer as a sum of discrete
spectral components [7].

The other major area of investigation of laser amplifiers (also limited to
unidirectional cases) has involved the effects of atomic coherence on pulse
propagation and distortion ([5,6] and references therein). These theories model
the spontaneous emission noise as an input of ‘thermal pulses’ at one end.

No theoretical work has been reported on intensity fluctuations in any model of a
bidirectional amplifier aside from early modelling by Kliver (1966) related to
experiments on the saturation of mean amplifier noise by an injected signal. With the
advent of recent experimental results [8—12] reporting systematic measurements of
the fluctuations in such amplifiers, the need for even the most approximate theory
has become apparent.

Reported here are preliminary results for a noise amplification model in which
the distributed noise is approximated by thermal input noise. We solve the rate
equation for the intensities as a type of stochastic differential equation [13] in which
the probabilistic aspects are the initial values of the intensities. This approximation
is applicable when the growth of the intensity of each beam is primarily a result of
gain rather than the distributed noise. These results provide a baseline for
comparison with experiments and with more advanced theories as such work is
completed.

2. Bidirectional amplifier model

The model used here extends the rate equation methods used successfully by
Casperson [2] in a recent treatment of intensity build-up and spectral narrowing and
rebroadening in bidirectional laser amplifiers. We consider a narrow cylindrical
geometry with a single beam propagating along the axis in each direction. We extend
the so-called ‘noise amplifier’ [5-7] approximation, which replaces the distributed
spontaneous emission noise with thermal input signals, to the bidirectional case.

The rate equation assumption (aé justified by Casperson [2]) requires that the
lifetimes of the atoms (7) and the atomic dipole dephasing time (7) be short
compared with the characteristic time for the intensity variation (7). We further
assume that the amplifier is short compared with the intensity correlation length of
the input noise so that our equations are time-independent, with the fluctuations
determined by taking ensemble averages over the noise.

The intensities of the two counter-propagating beams are thus governed by the
following equations [2, 5, 6]:

dx* gx*t .
) 1
dz _(1+x++x_ o 0

where the intensities, x* =+ /I, have been normalized to the saturation intensity.
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3. Results

Equation (1) implies the existence of an invariant similar to one used by
Casperson [2]: x"(2)x"(2)=constant along the amplifier. In particular for an
amplifier of length L,

(@) =x* Lyn~ Jx* (2), o

where we take n* and %~ to be the input values for the two beams, x7(0) and x (L)
respectively. Physically, this invariant results from the fact that the local gain is the
sém_e in each direction.

For comparison with experimentally measurable results we choose to consider
here the variation of x 7 (L) as a function of the total amplifier length L rather than x*
as a function of z. Eliminating x~(2) in equation (1) using equation (2) and
integrating from 2=0 to 2= L yields the following implicit functions relating x* (L)
to n* and n~. For the general bidirectional case we find

1 (x*(L) g (k—2x"(L)—+Jq \[ x—2n* +\/q
L——&tn( nt )+a2\/qln|:<K—2x+(L)+\/q><K—2n+—\/q>:| (a)

where g=12 —4x*(L)n~, and k= (g —a)/a. We note the special result for equation
(3 a) without loss (¢=0):

gL=1n(xn(+L)>+x+(L)<1+:—;>—(n++n_). (3bj

Givenx™(nt,n”,L)at L and x~(n*,n”, L) at 0 we can calculate the moments of
the distribution of the intensity fluctuations and the cross-correlation between the
beams using the formula :

ERNOISEN )

=J J et 0, D" (0" 07, D"PH(n )P~ (n ) dntdn. (4
oJo L .
We calculate below the mean intensity 'and normalized variance Q,

ERO
(<L)

1]

Q+

for various inputs and the cross-correlation function C,

x*(L)x~(0) —x (L) x(0)
NIAT@)? (Ax(0))?]

C

»

for equal inputs.

3.1. Asymptotic results
The limiting output of the amplifier for increasing L is found when
e dx*(L)
dL

0;
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in general

dx* (L)
dz

is not also zero at the same time.
Applying this condition to equation (3 a) yields two solutions

x*(L)y=k—n" and x"(L)=(n"/n")x—n"). - (5)

By symmetry, equivalent solutions apply for x7(0). Using the invariant (equation
(2)) and the fact that 0<x* <k, we see that when n* =n",

xt(L)=k—-n") and x~(0)=@x"/n ) (k—n"); (6 a)
and when nt <n",
xT(L)=@"/mYx—n") and x (0)=(k—n*). (6b)

Using these analytic relationships for x*(L) in equation (4) and assuming
negative exponential distributions for n* and n~ characteristic of gaussian noise, we
find the following asymptotic values:

xt (L) =1xy 'In(1+y), @)

_2p—2In(1+y)

_———_, TPYRERSIE , and (8a)

Q+

_ 3 _ _
1 (y 14+9HIn(p+ 1) —yIny 1)_1, 85)

C=-
J©OT07) In(1+y)In(1+y7

where we assume k>»n¥, and y=(n")/n*. When y=1, specific values which are
appropriate to ASE are x* (L)=x1n2, Q" =0-277 and C= —0-707. When y 25, Q™
becomes greatér than one. Since the intensity is much larger than the noise in this
case, this prediction of output intensity fluctuations greater than those characteristic
of thermal noise might be confirmed experimentally. .

For the special case when «=0, we see that for large x*(L) equation (3b)
asymptotically approaches the relation

x*(L)y=gL(1+(n"/n*)~1. 9

From this equation we see that when there is no damping the mode competition in a
bidirectional laser amplifier gives rise to the same effects as those found elsewhere for
the two-mode ring laser (see equation (5) in [14]). In particular when »* and » ™~ have
negative exponential distributions with the same mean, x*(L) has a uniform
distribution with Q* =1, and C= —1 for all y, in contrast to the values found
following equation (8 b). '

3.2. Numerical results

Interpretation of laboratory.experiments requires that we investigate the
intensity fluctuations for finite amplifier lengths. The mean intensity and normalized
variance of the output beam as functions of the total amplifier length can be
calculated using equations (3 @) and (4). When taking Pt(nt) and P~ (n7) to be
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negative exponential distributions we can perform the integration by Gauss—
Laguerret quadratures. A modified binary search was used to find the value of x*
satisfying equation (3 a) for each pair of values for ™ and n™.

The results are displayed in figures 1—4. The numerical results for large L agree
well with values calculated from the analytic relations (equations (7) and (8)). The
figures show the striking difference between the unidirectional amplifier (n~ «n™)
and the bidirectional amplifier. In general, the competition between the two beams -
sustains a level of intensity fluctuations much higher than that characteristic of the
single beam case. When #~ «n” the intensity evolves to laser-like statistics with
Q" =0 as expected. In the opposite extreme, n* «#~, our model predicts values of
O™ > 1. From figure 1 we also see that the use of equal thermal noise imputs changes
the mean intensity only slightly from the result for coherent imputs.
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Figure 1. Mean intensity, x*, versus small signal gain lengths for x©=1/30 (—-) and

K = 1000( ). In each case we assume negative exponential distributions for n* and
n~ and take n™ =1077; y(n~ /n") was varied as shown. Values for coherent (rather than
thermal) input when y=1 and x«=1000 are indicated by (O).

t We use the cartesian direct product formula [15]:

N
”F(y, 2) exp (—) exp (—2) dydz = ) F(x;, x)ww,
: m
where the roots (x;) and weights (w;) are tabulated by Stroud and Secrest [16]. For our final
calculations, that choice of N was made which seemed to give 1 per cent accuracy as
determined by extrapolation from results for smaller values of N. This approximate accuracy
was confirmed by comparison with the analytic formula for the asymptotic values.
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Figure 2. Normalized variance versus small signal gain lengths for

k=1/30 (a) and
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Figure 3. Normalized variance versus mean intensity for 1= 1/30 (@) and dx = 1000 (b). The
end point indicated on each curve, marked by (O), indicates the asymptotic values.
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Figure 4. Cross-correlation function versus small signal gain lengths for a symmetric
| amplifier (* =5~ =10"").

Notice the points of inflection of the curves in figure 3 (b), where k =1000. Here
both Q7 and C (see figure 4) have evolved to the values characteristic of the steady-
state two-mode ring laser [14]. With damping the gain ultimately goes to zero and the
normalized variance declines to the asymptotic values calculated from equation (8 ).
The minimum value of the cross correlation, — 1, indicates maximal anticorrelation
for intermediate amplifier lengths. C then increases implying that the fluctuations in
the beams become more independent as the amplifier is lengthened.

4. Discussion

No experimental measurements of the ASE intensity fluctuations are presently
available in systems for which T,>» T, > T,, which is necessary for the validity of
equation (1). However, when T > T, > T, a set of rate equations apply, although not
in as simple a form as equation (1), since the population inversion does not
adiabatically follow the intensity fluctuations. For this latter case measurements are
available [10-12] which show qualitative agreement with our predictions of a slow
variation of Q with intensity and the generally finite asymptotic value of Q. Those
results for the case when T, > T,> T, [8-12] appear qualitatively different from
‘the predictions of our theory, as expected since no rate equation approximation is
valid there.



Intensity fluctuations in bidirectional laser amplifiers : 1305

We have compared models of the bidirectional amplifier and the two-mode ring
laser. The results have been shown to be remarkably similar, particularly when Q
reaches the ring laser steady-state value, at which point the maximum anticorrelation
of the beams is attained. This similarity occurs in spite of the fact that in the ring laser
the two modes both increase in time from initially weak spontaneous noise, while in
the amplifier each beam increases in intensity in the direction of its travel and thus
has its maximum intensity where the other is at a minimum.

This model can also be used to calculate the effect of counter-propagating ASE
on other signals, such as the coherent output of a laser, injected in one end.
Generalized inputs and other extensions of the model are currently being
investigated.

Acknowledgments

We wish to acknowledge useful discussions with S. R. Smith and valuable
assistance with the numerical calculations from John Huang. This work was
supported in part by a grant from Research Corporation. Some of the materials
incorporated in this work were developed with the financial support of the National
Science Foundation Grant ENG77-01118.

Mit Hilfe eines Ratengleichungsmodells fiir Rauschverstirker werden Intensitatsfluktua-
tionen verstiarkter spontaner Emission in einem in beide Richtungen betriebenen Laserver-
starker analysiert. Im Gegensatz zum Betrieb in nur einer Richtung, bei dem es durch
Sittigungserscheinungen zu laserdhnlichen Intensitdtsfluktuationen kommt, haben wir.
festgestellt, daB3 die Sittigung als Kopplungsmechanismus gegenldufiger Lasermoden im
allgemeinen zu einem nicht verschwindenden asymptotischen Wert fir die Intensititsfluk-
tuation fiihrt. Beim symmetrischen Verstirker nimmt die normierte Varianz der Inten-
sititsfluktuation am Ausgang mit zunehmender Verstarkerlainge vom Anfangswert 1 ab auf
einen Grenzwert von etwa 0,277. Im Gegensatz dazu nimmt bei ungleicher Stirke der
Rauschquellen der gegenlaufigen Moden die normierte Varianz des stirkeren Modus mit
zunehmender Linge stirker ab, und zwar auf weniger als 0,277, wiahrend der schwichere
Modus einen Grenzwert grofler als 0,277 erreicht. Wir haben ferner Eigenschaften dieser
konkurrierenden Moden-Wechselwirkung gefunden, die zu jenen im Zweimoden-Ringlaser
engen Bezug haben.
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