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We now turn to the problem of setting up a utility scale for a DM. It must be borne in mind that the
utility function derived is only for a specific type of decision (¢.g. combat alternatives, personal
investments, psychological benefits from alternative vacations, etc.). Also, the utility function is only
valid for a specific decision maker whether an individual, institution, or nation. The function U(.) will
generally not be simply concave upward, downward or a straight line everywhere on its domain. Hence
the DM cannot be characterized as risk averse, preferring or neutral except when his total assets and the
specific alternative choices are specified. Then he may be, e.g., risk averse for this decision, given his
current total assets.

Clearly in a war-fighting environment the best MOE would allow one to rank outcomes and
alternative strategies with probabilistic outcomes according to their impact on winning the war (whether
the prob. of winning, the Eftime to win war], etc.). Usually this is unrealistic. It is just too difficult to
determine the quantitative impact of holding a particular position, conserving a scarce resource, or even
winning a particular battle, on the outcome of the war effort. Barring availability of this kind of (almost
omniscient) knowledge we must use a surrogate, intermediate MOE which we hope is positively
correlated with the success of the total war effort. This local MOE will be more tractable since it will
deal mainly with more local considerations than for the entire war cffort. Clearly we can expect that
holding a particular hill is "good" for the war effort, although it would be difficult to quantify its impact
even on the probability of winning the current battle, let alone on the probability of winning the war.
‘We must rely on the judgement and experience of the local DM to factor in more global considerations
and to assess the relative importance of various outcomes and of their impact on an unspecified global
MOE.

With this philosophy, and with the understanding that there are, in fact, many situations in which one
can more objectively derive reasonable quantitative MOE's, we proceed to sct up a utility scale for a
specific DM with a hard choice to make.

Setting Up the Urility Scale
Refer to the example of holding the position for which there are 12 possible approaches and the DM
initially has 20 men. Using the frecdom that the utility function is arbitrary up to a positive linear
transformation, for convenience we define

U[20 survivors, i.e. no losses] = 100,

U[0 survivors, i.¢. 20 casualties] = 0.
Now, using the axiom of continuity, we know that there is a probability p such that the DM will be
indifferent between obtaining outcome " with 100% certainty (e.g. 14 survivors from a required
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BP(L) > E(L).
Two extreme cases that can be identified are:
7. When U(.) is a linear function of the prizes, (¢.g. U(x)=a + b*x) then using E[UCX)] = a + b*E[X]
as the MOE is decision equivalent to using E[X]. In other words, an expected value decision maker has

a lincar utility function in the region of intcrest.

8. When U() is a step function (e.g. having value "a" for x <xgand "b" for x> xp ) then using
E[U(X)] = a+ (b - a)*Pr[x 2 xg] as the MOE is DE to using Pr{x2xo].

FOURTH EXAMPLE: Assume a DM has a utility function U(x) = Vx. He has total assets of T =
$200. plus the rights to the following lottery,

— $100., prob = .8

--- (- $50.), prob = 2

a) Whatis the Selling Price, SP(A), of the lottery, i.e. what the certain price SP such that he is
indifferent between $200 + SP and $200 + A7
To answer this, we seek SP which solves the following equality,
U(200 + SP) = E{U(200+A)].

In terms of the square root utility function,

V(200 + SP) = .8%V300 + .2+V150.
We then obtain SP = $65.88. But note, the expected payoff from the lottery is given by E(A) =
8*100 + 2%(-50) = $70. Hence, SP(A) < E(A) which implies that the DM is risk averse. This was to
be expected from the fact that the square root function is concave downward.

b) If the DM didn't have A, what would be his buying price, BR(A)?
‘We must solve for BP in the equation U(200) = E[U(200-BP+A)), or,

V200 = .8*V(300-BP) + .2%V(150-BP).
‘The solution to this yields BP(A) = $64.07, which is still less than E(A). Can you see from the
concave shape of the curve why the BP is less than the SP?
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mission) and the lottory in which there are 20 survivors with probability p and O survivors with
probability 1-p, i.c.

-- outcome i, prob=1

20 surv, prob=p

~=--0 surv., prob=(1-p).

At that point of indifference between the above two lotteris,
Ufoutcome i} = p*Ufno losses] + (1-p)*Ufno survivors]

= p*100, for the scale we've chosen.
We ask the DM at what value of p his indifference point is reached. He may tell us that he would prefer
a certain 3 casualties o having no losses with .95 probability and 20 casualties with .05 probability.
However, he answers that he is indifferont beiween a cortain 3 casualties and the alternative of no
casualtics with .98 probability and all lost with probability .02 This gives us another point on our
utility curve, since we now know that
U[17 survivors) = 984100
=98,
Continuing in this way, we may find that the DM is indifferent between a cortain 10 survivors on the
one hand, and probability .2 of no losses and .8 of all lost. This tells us that U[10 surv] = 20. Finding
the indifference points for i = 1,23, etc. we can eventually plot all these utilities on a curve similar to
the one shown in the next problem. With this utility function the comumander can make rational,
consistent choices between altemative courses of action.

_PROBLEM: MOE's - Utility Function
You have a position to hold for which there are 12 possible approaches to be guarded. One man is
adequate to guard one approach to your position. You have 20 men to start with. You have detormined
that your utility function, giving utility of various numbers of survivors from alternative defense plans,
is as shown in the following chart®:

8This problem continues the third example in the text. Note that the
simplest assumption might imply that the (constant) slope is the
same in the two segments of the utility function. On the other hand,
Lanchester's square law might be relevant here, leading to a
quadratic (i.e. parabolic) shape in each segment. The actual curve
shown here merely reflects the DM's judgement.
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PROBLEM: The EW officer of a cruiser wishes to allocate his M disposable jammers to attackers. He
doesn't know how many attackers will be sent against him, but he knows they'll be sent one at a time,
one per day. He feels he has two, somewhat contradictory, goals. He's been told by the Captain that
they must maintain their station as long as possible, but the Captain has also said that it's very
important that they hold out for at least two more days. Let n be the number of full days the ship
survives, i.c. the ship's position is abandoned on the n+1-st day.
2) What is the appropriatc MOE? Is it Prl n>2 ], or E(n), or Pr{ n>2 J*E(n) or what? (be
specific, with a rough sketch if possible)
b) If the EW officer feels that it is 10 times as important to survive 2 days as to survive just one
day, then sketch the MOE as a function of n [0<n<10].
) The EW officer has two possible jammer deployment strategies:
with strategy A : Prix 2 and Prin=4] = .8,
with strategy B : Pr[n=1] = .3 and Pr[n=8] = .
which strategy will the EW officer prefer? Is he risk averse, preferring, or indifferent?

COST - EFFECTIVENESS
["The injury we do and the one we suffer are not weighed on the same scales.", Acsop -
Fables]

Certainly, obtaining the most cost effective solution is an admirable goal, whatever that may mean.
One sometimes hears people speak loosely of wanting to achieve the maximum benefit at the minimum
cost. But, as a way of trying to factor costs into the MOE this is an inconsistent goal. One can attempt
to:

1. maximize the benefit (e.g. E[U()], P , E[no. enemy casualties], etc.)
s.. (subject to) costs < budget
or
2. minimize the cost (e.g. total system cost or next
incremental expenditure, etc.)
5.t. benefit 2 requirements

3. maximize the benefit/cost ratio (i.e. "bang per buck" or

spending efficiency)
s.t.cost S budget & benefit > requirements
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a) Calculate the utility of cach of the following two strategies (show all calculations):

# 3, 3 survivors
p=6 12 survivors
=1, 19 survivors

# .2, 0 survivors

8, 14 survivors

b) Which course of action will you select?

©) What ranking will an expected value D.M. give to these two strategies?

d) What ranking will a D.M. who uses P[surv.212] give the strategies?

e) Classify the D.M. with the above utility function (the graph) as either risk averse, risk preferring, or
indifferent, wrt this decision.
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4. maximize the "profit" (Benefit - Cost, if both can be expressed in dollars,
or some other common unit of measure)
s.t. cost < budget

Each criterion could conceivably give a different rank ordering of alternatives., e.g. in a weapons
system procurement. As with other incommensurable factors, one seeks to combine costs with lower
level MOE's in a way that reflects the actual goals of the operation. This can only be decided case by

case.

SONOBUQY EXAMPLE - REVISITED

‘The example on page 5 proposed a number of possible MOE's which were DE, at least when the
outcomes were deterministic. We now show that even that is no longer true when benefits are divided
by costs. Let Ry = 2nm, and its cost, C;=$1000.; Ry=5nm and its cost, C;=$5000. Clearly, the first
sonobuoy has the greater value of bencfit/cost ratio if "bencfit” is defined as the sweep width, 2R, ie.
2R/C favors #1. (Presumably sonobuoy #1 has adequate performance, we can just buy more units to
construct our barrier at a lower overall cost.) On the other hand, if benefit is defined as sweep area,
7R2, then the second sonobuoy will have a 5 to 4 advantage over the first. The second sonobuoy is
favored by evaluating TRZ/C.  What this means is that you have to be just as careful in stating the real
bjective of the decision and identifying the corresponding MOE when dealing with Benefit/Cost ratios
as when there are probabilistic outcomes.

9What has happened here is that in the previous, deterministic,
analysis the MOE scale was arbitrary up to the monotonic functional
transformation h(.), i.e. it was rubber, you could arbitrarily stretch
some portions of the scale and shrink others without changing
"greater than" into "less than". Once you divide by costs, however,
you in effect define an absolute unit of scale (e.g. sweep width/$ or
area/$). The issue becomes not just 'which has greater benefit, but
‘exactly how much greater is it? Hence we must select one, most
appropriate, MOE for our benefit.

Earlier, it was only when we first considered sonobuoy range (R)
to be a random variable that we were forced to consider guantities
such as p*R+(1-p)*R' or p*aR2+(1-p)*n(R")2. This meant that we had
to quantitatively compare the magnitudes of benefits on different
parts of our MOE scale. This also forced us to select one, most
appropriate, MOE.
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But note, there may be circumstances in which almost everyone would prefer the first alternative
"lottery" in our last example. For example, what if a close relative needed an operation and this lottery
is the only way we have a chance of obtaining the needed money to pay for it. In that case we stand to
gain more by winning the first lottery (where we may gain an additional year's salary and thereby save
the life of someone close to us) than we stand to lose. So, given the right circumstances, any one of us
would be likely to change from risk averse to risk preferring. Same person, same lottery, only our
assessment of the relative value of each of the Iotteries has reversed.

Finally, consider the following historically important problem, known as the St. Petersburg
Paradox. How much would you be willing to pay for the right to play the following game? A fair coin
is flipped until it first comes up tails. If the first appearance of tails is on the nth toss then you'll receive
2n dollars. Before reading ahead, write down the number of dollars you'd be willing to pay to play this
game.  §__

PROBLEM #1; Show that the probability of tails appearing for the first time on the nih toss is given by
a geometric distribution. Calculate the expected value of n, E(n), and the expected payoff. Show that
the latter is infinite.

As you show in problem #1 the expected monetary value to the person lucky enough to play this lottery
is infinitely large. Hence one might think that a rational decision maker would be willing to pay a very
large amount of money to play this game. Certainly all the money you have in the bank can't be too
much to pay. But you probably didn't write down much more than $20 to $50, if that much. In fact, it
was recognized hundreds of years ago that people were simply not willing to pay very much money to
play this game. To explain this apparent paradox, Daniel Bernoulli reasoned that the real value, or
"utility", of an additional increment of money depends on how much you already have. Clearly a
millionaire who receives $10,000 would derive far less emotional satisfaction, and his life would be
improved to a lesser extent, than would a person who earns $10,000 per year. In fact, Bernoulli
assumed that the additional value (or utility) of an added increment of money was inversely proportional
to the amount of money one already possesses.
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decisions. In other words, if the possible outcomes of  lottery fall entirely within the concave
downward (upward) portion of the curve, then the DM will appear to be risk averse (preferring) with
respect to that lottery.

utility >

$100k $1,000,000
dollars § ->

Now let's consider an example from a combat situation, where perhaps the commensurability and
relative values of outcomes are even more difficult to assess.
E: Holding a Position

As commander of your troops, you're given the order to hold a position to which there are 12
possible approaches. You start with 20 men in your command. As long as you have at least 12 men
left you can guard each of the 12 approaches, but if you suffer more than 8 casualties, you must
abandon the position. You have the responsibility of judging the relative importance (value or utility) of
the two goals 1) maximize the number of survivors under your command and 2) maximize the.
‘probability that you will be able to hold your position. It seems reasonable that two casualties are
approximately twice as bad as suffering one casualty. Perhaps three casualties are about three times as
bad as only one casualty. But clearly 9 casualties (and having to abandon the position) is far worse
than 9 times as bad as one casualty. In fact, looking at it in terms of survivors, there is a step increase
in utility for having 12 survivors as compared with having only 11 survivors. Hence, how do you
compare two possible alternative plans for carrying out a necessary mission, each with different
estimated numbers of casualties. Let's say that plan #1 has a .5 probability of 10 casualties (and .5
probability of 0) while plan#?2 has an 80% chance of incurring 8 casualties.
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ie. dU =c*d$/$,
where c is some proportionality constant. This is easily integrated, yielding the result that utility s
proportional to the logarithm of the total quantity of money one possesses. Now, the log function is
concave downward, consistent with the idea of diminishing additional utility as one's wealth increases,
from each increment of added money. The figure shows the general form of utility vs. dollars for this
type of utility function.

utility

doliars § ->

The specific functional form of Bernoulli's utility function should not be taken too seriously.
However, the general ideas he proposed do explain qualitatively the risk aversion we often see in
people’s choices, for instance in the unwillingness of most people to risk next year's salary in an
apparently fair lottery.

How does one explain situations in which decision makers show risk preferring behavior, as in
buying a state lottery ticket? We must look for utility functions which also have concave-upward
segments. Again, this can be understood on intuitive grounds. While it may be true that additional
increments of money have diminishing additional utility for the average person (say,up to $100,000)
there is a point at which one has enough money to significantly change one's life. Maybe you feel that
$1,000,000 will make you financially independent. Hence $1,000,000 is somehow qualitatively more
than, say, $100,000. Obtaining $1,000,000 may propel you onto a new plateau of benefit. Perhaps
you can then afford to devote your time to some currently unobtainable career or inerest. The
following utility curve shows the general form. Note that the concave-downward segment of the curve
will result in risk-averse decisions while the concave-upward segment will result in risk-preferring
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or,

lottery L'

~-=- win ton of gold, prob = p;

~--- win ton of cheese, prob = py

- win ton of poisonous snakes
prob = p3

‘The lottery L' could be cither very favorable or not favorable at all, depending on the probabilities of
receiving the three prizes, and also on how the decision maker compares the value of the prizss. It
‘would be convenient to be able to convert them all to some common measure of value, e.g. to dollars,
or to "udles” (arbitrary measure of utility), or something. When the prizes can all be measured in terms
of the same quantifiable commodity or units then the loitery can be represented as a random variable
(r:v.). Let's imagine this has been done. Then the expected value of the lottery (L) with prizes g;
which have probability p; i,

E(L) = Epi*gi.

A decision maker who chooses between lotteries according to expected value, E(L), is an "expected
value decision maker".

Selling Price: The selling price of a lottery "L, abbroviated SP(L), is the minimum amount of money
(or some other agreed upon unit of value) that a seller would have to be paid to give up that lottery.
‘This is aka the "certain cquivalent” of the lottery. For example, imagine you owned the right to toss a
fair coin and reccive $500 if it comes up heads and $0 if it comes up tails. If you'd be willing to accept
$150 for that right but not $149 then the sclling price, SP(L), is $150. Clearly you'd also be willing to
accept $155, or $300, or any amount over $150. So, in other words you'd accept a certain $150 vice
an expected return of $250 from the lottery. Now, if your total asscts are "T" then you're indiffercnt
between the certain lottery T+SP(L) and the uncertain lottery T+L. In graphical form,

~T+SP(L), p=1
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For plan #1
E(no. casualties) =5.0;  Pr[hold pos'n] =.50

while for plan #2
E(no. casualties) =

; Pr{hold pos] = 1.00

Hence, if the commander is willing to suffer 1.4 additional expected casualties he will be assured of
being able to hold his position. Neither the expected number of casualties nor the probability of holding
the position are adequate by themselves for detormining the relative ranking of the two plans. Rather, it
is the complete probability distribution which must be considered, along with the relative value, in the
commander's judgement, of holding the position and of his men's lives. Stated differently, the
commander must analyze the situation carcfully enough so that he is clear as to what the appropriate
MOE should be. Should he use

MOE = a*E(no. casualties) + b*Pr{hold pos'n],
or should he use
MOE = a*E(no. casualties)*Pr[hold pos'n],

or what?
How then can the commander factor in both the complete. probability distribution of outcomes for each
plan, as well as the relative value of cach outcome, so that he can consistently rank the plans?

The theory of expected utility provides "a means of encoding the decision makers risk preferences so
that consistent choices can be made among altemnative courses of action (strategies or plans) whose
outcomes are uncertain". We will need some definitions in order to develop enough of this theory for
our purposes.

A lottery is any uncertain proposition with specified prizes and probabilities of receiving each prize.
Graphically, we depict a lottery as a type of probability tree, e.g.

lottery L ~ win salary, prob = .5

- lose salary, prob =5

12
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system, when more analytically derived MOE's such as Efno. casualties], reliability, E[R], E[nR2],
cost, etc. are inadequate.

For any prizes a and b, one of the following must hold
aispreferedtob  (a>b)
bis preferred toa (b>a)
or, the DM is indifferent between them  (a~b). ‘The ordering must be transitive (as in arithmetic), i.c.
if ais preferred to b and b is preferred to ¢ then the DM must prefer a to ¢, symbolically,
a>b & b>c =>a>c.
Also, indifference is transitive,
a~b & b~c =>a~c.
Individuals may appear to violate this when looking at different aspects of the prizes, c.g. we may
prefer the gas mileage of one car but the sportiness of another. Hence the DM must reduce each prize o
a scalar measure of value, ¢.g. a dollar value.

2. Continuity: if a> b > c then there is a probability, p, such that the DM is indifferent between
receiving b with certainty or having the lotiery in which he receives a with probability p and c with
probability 1-p, i.e. using a fairly obvious notation: b~ [pa; (1-p)cl.

In fact, querying the DM regarding the p at which he becomes indifferent is a way of dotermining his
utility scale.

3. Monotonicity: if a >~ b then; [p,a;(1-p),b] >~ [p"a(1-p),b] iff p>=p'.
In words, if the DM either is indifferent between the prizes a and b or prefers a 1o b, then he will prefer
that lotiery which produces the preferred prize with the greater probability.

4. Decomposability: aka the "no fun in gambling” axiom. ‘The DM is indifferent between compound.
and simple lotterics as long as the probabilities of receiving each of the prizes are the same. For
cxample,

an wpp)
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where the twiddle, ~, indicates indifference between the lotteries.
In general, SP(L) is a function of an individual or organization's attitude toward risk and their total

assets. For an expected value decision maker

SP(L) =E(L)
and we say that this DM is risk indifferent, If the DM has

SP(L)>E(L)
then we say he is risk preferring, and if the DM is such that

SP(L) <E(L)
then he is risk averse, Most individuals and organizations are generally risk averse with respect to most
decisions. This is more or less for the same reasons that Bernoulli first suggested.
Buying Price: The buying price of a lottery, BP(L), is the maximum amount of money a buyer would
pay in order to own the lottery. In other words, a buyer with assets T is indifferent between the certain
lottery T (i.c. keep your money and don't get to play the lottery) and the uncertain lottery T-BP(L)+L.
Graphically, for the coin tossing lottery this would be expressed as,

T, p=1 T-BP(L)+500,p=5

-T-BP(L)+0, p=.5
For an expected value DM BP(L) = SP(L) = E(L).

As we saw above, Daniel Bernoulli first introduced the quantitative notion of a utility function.
Although his logarithmic type of utility function, U(.), could explain how risk aversion comes about, it
doesn't explain risk preferring behavior. It is well to bear in mind that utility functions are probably
more realistic when measured, than when derived. We will show below how a DM's utility function
can be determined. First we will present 4 axioms which, if we subscribe to them, insure the existence
of a utility function over lottery prizes. This utility function, U(.), will have the desirable property
that, if L and L' are any two lotteries, then our DM will prefer L over L' if and only if (iff) the expected
value of the utility of lottery L is greater than that of L', i.c.

E[UM)] > E[UL)],
where

E[UM)] = 2 p*U(g),
and the g's are the prizes or payoffs for the lotiery. So, there is an MOE that reflects our ranking of
outcomes even in the presence of uncertainty. With the appropriate utility function the DM or his
analyst can consistently rank all alternative courses of action (lotteries) at his disposal. He can, in fact,

use E[U(L)] as a consistent measure of effectiveness of a tactical plan, a soncbuoy, or a weapon
14
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Clearly, there is sometimes fun in gambling, and this axiom has been questioned in the recent
operations rescarch literature?. Nonetheless we will assume its validity here.

As stated above, if these axioms are assumed to be satisfied, then it can be proven that there exists a
utility function, U(.) such that, if A, B are two lotteries or alternative strategies with uncertain
outcomes, then

A>~B iff E[U(A)] >=E[U®)],
s0 if we know the utility function (for a specific DM with respect to a specific class of decisions) then
we can predict what the DM will choose, and we can help him to choose consistently among
alternatives.

‘We now summarize a number of properties of utility functions.
1. The utility of any lottery is the expected utility of its prizes. (This tells us how to treat outcomes that
are random variables).

2. The above equation is strictly truc only when the prizes in lotteries A and B contain the DM's total
assets. We should really write,

AAT >~ B+T iff E[U(A+T)] >=E[U(B+T)], where T is the DM's initial total assets, apart from
the lotteries.

3. U() is unique only up to a positive linear transformation. In other words, multiplying U by a
positive constant and adding an arbitrary constant to the definition of U in the above inequality will not
change the sense of the incquality. Hence, preferences will remain unchanged under this type of utility
scale change.

4. "More is not worse", i.. U(.) is monotonically increasing. (If you're in a lifcboat and you have 5
tons of food and water dumped on your boat, you might question this as your boat sinks. Some

reasonable constraints on "more" must be assumed.)

5. When U() is concave downward (¢.g. Bernoulli's log function) then the DM is risk averse and
BP(L) <E(L).

6. When U(.) s concave upward then the DM is risk preferring and

7Bell, David, "Disappointment in Decision Making Under Uncertainty",
Opns. Res. ,33, Jan-Feb, pp. 1-27, (1985)
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