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Dynamical analysis of random, quantum interference of light
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The well-known photon correlations of thermal light are now understood to result from the ran-

dom superposition of independently emitted photons from spontaneous emission. Through random
interference the number of photons evolves as a Bose-Einstein distribution rather than the Poisson
distribution as one might expect for independent emissions of classical particles. By identifying
terms in the density-matrix (p) equation for a linear amplifier, those terms giving rise to spontaneous
emission were earlier distinguished from those causing amplification and absorption. %e investi-

gate the role of interference in the evolution of the photon statistics by further identifying terms in

the equation for p„solely responsible for quantum interference phenomena. The efkcts of this ran-

dom interference on the photon factorial moments are quantiAed, even for those cases where the
Anal Aeld statistics are not Bose-Einstein. From our analysis we conclude that stimulated emission
should be viewed as analogous to time-reversed absorption, rather than either a cascade process or
pure constructive interference.

I. INTRODUCTION

The origin of correlations in thermal light has some-
times been ascribed to stimulated emission' and at other
times to the random interference of independently emit-
ted light waves from spontaneous decay of excited
atoms. Although stimulated emission has been ex-
plained as arising from constructive interference of the
emitted radiation with an incident field, the former view
has seemed more consistent with an interpretation of cas-
cading photon particles, while the latter seems to require
that one think of photons as waves. By identifying terms
corresponding to either spontaneous emission or to linear
amplification in the equation for the density matrix p of a
linear amplifier, and showing how the field evolves ac-
cording to each set of terms separately, it has been
shown that, indeed, the evolution of the quantum statis-
tics of amplified spontaneous emission (ASH) in a linear
laser amplifier (and thermal light) arises solely from in-

dependent emissions and subsequent random superposi-
tion of light. In those cases, such as a (nonlinear) laser
oscillator or for a single isolated atom, where stimulated
emission (and amplification) do change the photon statis-
tics, it does not lead to Bose-Einstein statistics.

Given that Bose-Einstein statistics, responsible for the
observed photon clumping of thermal light such as in the
Hanbury Brown-Twiss effect, arises from truly indepen-
dent emissions from independent excited atoms, with no
help from stimulated emission, one would expect that the
number of atoms which have decayed in a macroscopic
sample mould be Poisson. The evolution ta Bose-Einstein
statistics ~ould appear to be subsequent to and indepen-
dent of the emission process.

This can also bc scen by comparison with thc gcncra-
tion of pseudotherma1, Gaussian light by scattering of a
laser beam from a rotating ground glass. The number of
photons feeding into the scattering volume will be ap-
proximately Poisson for a laser beam far above threshold.

The change in statistics for this case arises solely from
the random superposition of the different parts of the
beam with itself. In both systems the source is Poisson
and the statistics within the mixing volume is Bose-
Einstein. %ith a slightly different geometry one can in
fact envisage a closer analogy to spontaneous emission.
Consider an initially coherent beam enclosed within a
cavity with a random distribution of scatterers that slow-

ly mix or randomize the beam. This will cause the origi-
nal Poisson number of photons to evolve into a Bose-
Einstein distribution through constructive and destruc-
tive interference.

It is of interest to understand this process better, in-
dependent of the process that originally generated the
photons. In this paper we study this evolution of the
photon-number distribution by identifying those terms in
the density-matrix equation which represent the effects of
constructive and destructive interference in the number
representation. Having such an identification for spon-
taneous emission in a linear amplifier, we argue that those
same terms must represent the evolution of p„ from ran-
dom interference of light beams in more general situa-
tions such as the ground glass scattering of laser light, the
random superposition of laser light scattered from the
turbulent atmosphere, or even in situations in which
there is also nonlinear amplification of the beam. The
last two situations are well known to lead to non-
Gaussian fields. A separate analysis of the change in the
probability generating function for random superposition
of photons confirms our identification.

In Scc. II we review the background assumptions,
definitions, and equations. In Sec. III we present the
idcntification of the interference terms in the Kolmo-
gorov equation for evolution of the diagonal elements of
the density matrix. Using nlethods developed in a com-
panion paper we show that this identification is generally
valid for random superposition of light. %c then present
a heuristic analysis of these random quantum intcrfcrenee
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terms. Our analysis also leads to a better understanding
of the meaning of the stimulated emission terms. G(y) = 1 —y y Go(y)

d

dp

II. PHYSICAL AND MATHEMATICAL BACKGROUND

Although we argue that the interference evolution
should be independent of the origin of the light, we first
consider a single mode of the electromagnetic 6eld in in-
teraction with atoms possessing a significant electric-
dipole matrix element for transitions between two energy
levels. Thc energy separation is assumed equal to the en-
ergy of one photon of the mode. For our purposes it will
be sufFicient to consider the atoms as having just these
two levels of interest, with raising and lowering operators
or+ and o, respectively. Making the rotating-wave ap-
proximation, the interaction Hamiltonian is

8 =i)lg(ao +a o) .

The coupling constant g contains both the electric-dipole
matrix element and averaged dependence on the atomic
positions.

Because we will be working mainly in the photon-
numbcr representation, we first de6ne ihe diagonal ele-
ments of the density matrix p for the electromagnetic
6eld,

p„=&n
~ p~ n),

with probability generating function (PGF),

G(y, t)=«[p(i —y)' ']:—((1—y)") = g p„(1—y)" .
n=0

Convergence is guaranteed for
~

1 —y ~

(1. The factorial
moments,

n'"':—(n(n —1) . (n —0+1)),
are derived by repeated differentiation with respect to
—y, and setting y=O. They are related to the ordinary
moments of the field intensity when they exist. The fac-
torial moments therefore contain information about the
field-intensity fluctuations. Using a Taylor series expan-
sion of G(y, t) about y =0 we can also write

oo
( y)k (k)

G(y, t)= g k!

The probability generating function can also be expressed
in terms of the normally ordered quantum characteristic
function,

by the formula'

G(y)= I Jexp C{(,g')dig . (7)
m7 y

In a companion paper we show that the random super-
position of a single-photon eigenstate with a field having
a nonsingular P representation (and PGF=GO) can be
derived from Eq. (7), yielding

or

G (y ) =(1—y )Go(y ) —y Go(y ),

where Go is the PGF of the original field. The Arst term
in Eq. (8b) obviously represents the addition of a classical
particle; hence the second term describes the change in

Go caused by random quantum interference. Iteration of
Eq. (8a) m times, describing the independent random su-

perposition of a random number m of single-photon
eigenstates, leads to the equation

y d y Go{y)
d

after averaging over m, where 6 is the PGF for the dis-
tribution of m.

The evolution of p„ for a many-atom case in which the
populations of the upper and lower atomic states are held
constant by a pumping process can be written as '

p„=(2 B)[np—„(n +—1)p„+i]

+ A [(n+1)p„+,—(2n +1)p„+np„ i] . (10)

This corresponds to a linear laser amplifier which is un-
derstood to coherently amplify any input field, along with
the addition of amplified spontaneous emission (ASE)
noise.

In this equation the terms proportional to ( A —8) and
3 describe ampli6cation or absorption and noise genera-
tion through spontaneous emission, respectively. Be-
cause A snd 8 are independent, this regrouping uniquely
determines a corresponding regrouping of the operator
equation for p. This is different from the usual
identi6cation of stimulated emission in which those
coefFicients containing A are modified by changing n +1
to n, thus presumably separating out the effect of spon-
taneous emission. As was shown, however, such an
identification yields a Kolmogorov" (or master) equation
for spontaneous emission (the subtracted terms),

which leads to Poisson statistics (i.e., independent parti-
cle behavior) for the spontaneous emissions. This seems
to imply (incorrectly) that it must be stimulated emission
that leads to the clumping of photons measured in the
Hanbury Brown-Twiss eFect and characteristic of Bose-
Einstein statistics. The problem is in the neglect of the
random interference of the independently emitted pho-
tons. The second grouping of terms in Eq. (10), however,
does include the interference eA'ccts. In fact, when A =8
so that there is no net arnplification or decay of the field,
the remaining spontaneous emission terms cause an ini-
tial vacuum field to evolve into one with Bose-Einstein
statistics.

It was also shown in Ref. 5 that the evolution of the
field under the terms corresponding to stimulated emis-
sion and absorption {the 3 8 term) coul—d be described
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by a PGF of the form

6 (X I)=Go[)'e "] (12)

p„=r (n +1)p„+~

—[g (n)+ r (n)]p„+g (n —1)p„
(13)

It is easy to see that setting g(n)=r(n), although main-
taining a constant average number of particles n(t},
leaves p„&0. Hence, the photon statistics will still
change with time. This is more readily seen by the fol-
lowing analysis. For large values of n and slowly varying
generation and recombination rates, g(n) and r(n), one
can make the difFusion approximation for the unit shift
operator,

exp(+8/I)n) =1+8/Bn +—'(8/I)n) +
to obtain the corresponding Fokker-Planck equation
(FPE),

where 5= A —8. It is easily veri6ed that this preserves
the normalized factorial moments,

(n (n —1)(n —2) . (n —m +1))
&n&

hence, the nature of the photon statistics is not changed
by either absorption or linear amplification.

One argument for the earlier identification of stimulat-
ed emission terms relied on the picture of incident photon
particles stimulating the emission of secondary photons
by excited atoms. It is easy to see how this cascade pro-
cess seemed to imply a clumping of the photons in the re-
sultlllg field, hcIlcc a positive corlclatloI1 atnoIlg thcIn.
However, as we have seen, our identification of
amplification and absorption terms was based on an
analysis showing that the clumping can be understood as
arising solely from the random interference of the spon-
taneous emissions. Hence, the laser amplifier, in fact,
does amplify coherently, and the ( A —8) terms contrib-
ute no additional correlations in the photons.

In spite of this, it has been difficult to understand con-
ceptually how, in the case when the amplification and ab-
sorption just balance out (so that A =8), there are still
no residual efFects on the photon statistics from
generation-recombination noise. In the general model of
generation-recombination in which particles are created
or destroyed (one at a time) the Kolmogorov equation
can be written'

In a linear laser amplifier absorption and re-emission
would seem to continue even when their average effects
cancel, i.e., A =8. Hence, from the above, one might
still expect some observable efFect from this noise in the
evolution of the photon statistics.

III. RANDOM FIKI.D INTKRFKRKNCK TERMS

A. Identification of interference evolution

%e now analyze the spontaneous emission terms in
more detail. Because the second terms in Eq. (10) ac-
count for both the independent emission of photons by
the atoms and the subsequent interference of those pho-
tons, it seems reasonable to further separate them into

A [(n +1)p„+, 2np—„+(n —l)p„,]+A [—p„+p„,].
Here the terms in the second brackets may be recognized
as those giving rise to a Poisson process and are thus
identified with the independent emission of pkotons.
That leaves the remaining terms in the first brackets to be
identified with the evolution of photon-number statistics
resulting from random constructive and destructive in-
terference, It is easy to see that the latter terms conserve
the average number of photons. This can be depicted as
in Fig. 1, in which the transition rates between levels are
given by A times the numbers written next to each arrow.
Note that we have again identified pure, independent
spontaneous emissions with the Poisson terms in the Kol-
mogorov equation. According to this description, the
spontaneous emissions truly originate as independent
emissions and only later interfere randomly to yield
Bose-Einstein statistics. This is what one would expect
from widely separated atoms prepared independently in
the upper state. One could imagine that the independent-
ly emitted fields could be gathered and channeled into a
given mixing volume where they eventually overlap and
randomly interfere. The implication is clear that the
number of atoms having decayed has a Poisson distribu-
tion, and this is not changed by subsequent interference
of the electromagnetic field.

Viewing the random interference process as a
generation-recombination process, the corresponding
master (or Kolmogorov) equation for both constructive
and destructive interference is immediately written down,
for a general process, where hm photons are randomly

p(n, t)= — [ [g (n) r(n) )p(n, t}]—
nfl

1 I) [[g(n)+r(n) }p(n, t)],
87l

describing difFusion in n space. This is in the Ito form,
hence the corresponding stochastic difFerential equation
is"

(n+'I)

{n)

n+1

n-1

n = [g (n) —r(n)]n + &[g (n)+r(n) )II(t), (16)
(n-'I)

where g is white Gaussian noise. From this one more
readily sees the stochastic evolution of n, even when
g(n)=r(n).

interference
terms

Poisson
t8f fA$

FIG. I. Transition rates for spontaneous emission.
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mixed in a time At, as

p„= [(n +1)p„+, 2n—p„+(n —1)p„,], (17)
Am

or, in a more general form, as

dPn =[(n + 1)p„+, 2n—p„+(n —1)p„,] .

This represents the evolution of the diagonal elements of
the density matrix under chaotic mixing of the original
field.

Using standard methods, "' the corresponding equa-
tion for the PGF is

of the details of the source of the photons randomly su-
perposed. Assume the original field is the vacuum in Eq.
(9) for the general superposition of a random number m
of photons, i.e.„oo= 1. Then we obtain

6(y)=6 ) y 1,
dy

which can be expressed in terms of the factorial moments
of m, denoted by n,'i ' (cl denotes classical, i.e., rn =n—„),
with the help of Eq. (5) to expand 6

k
d (k)

yd y

G(y, t)= —Ay' 6(y, r),
d 7'

where k=—hm /ht. The solution of this equation is

6 (y, t) =Go 1+yet

(19)
G(y, t)= g

k=0

Now, it can be verified using induction that
k

y y 1=keydy

(25)

(26)

Let the mixing in Eq. (20) continue until an average num-

ber, A.t =nr, of photons have been mixed, and then add a
Bose-Einstein distribution of classical particles (i.e.,
without interference) having PGF 1/(1+rTTy) by simply
multiplying the PGF's. We recover Eq. (21) exactly, hav-

ing thus separated the interference-induced change in 6
from that caused by addition of classical particles.

%e can also obtain the identification of interference
summarized in Eq. (19) in a more general context using
Eq. (Sa). Assume that the addition of photons obeys a
Poisson process with rate A, . Hence, the probability of a
photon being added to the existing field in time ht is k. ht
(to order b, t). The PGF is then easily shown to obey

6(y, t+br)=(1 —A, bt)6(y, t)

+A, hr (1—y) —y' G{y,t),
dy

(22)

Clearly the interference-related evolution cannot go on
indefinitely as it is not independent of the process that ac-
tually causes the mixing, such as the independent spon-
taneous emissions of atoms or the random superposition
caused by laser scattering in the turbulent atmosphere.
Note the similarity of Eq. (20) to the equation giving the
addition of thermal noise, with mean photon number nT,
to an arbitrary initial field having PGF 60(y), '

6(y)=- 1 y
1+nTy 1+nTy

hence, comparing with Eq. (5) again, but now for the ex-
pansion of 6 in terms of its factorial moments, n&"' (Q
denotes quantum), we find

nq —k. n„(k) ) (k) (27)

In particular, the averages are always equal, i.e., n ——n, ].
For example, if m has a Poisson distribution (from spon-
taneous emission or laser scattering from a rotating
ground glass), then

(k) (% )I(
c]

hence, from Eq. (27),

n&"' ——k!(% )",

(28)

(29)

which are the factorial moments of a Bose-Einstein
(geometric) distribution.

Another example, of interest in the study of fiuctua-
tions in laser light propagating through the atmosphere,
is when the number of photons has a negative binomial
distribution appropriate when the source is a random
number of scattering elements in the turbulent atmo-
sphere, evolving according to a birth-death-immigration
process, ' A semiclassical analysis of this model leads to
what is termed E-distributed amplitude Auctuations. The
factorial moments of a negative binomial distribution (pa-
rameter p) are easily obtained by observing that it can be
thought of as the sum of p geometric random variables (p
need not be an integer). Hence, the PGF is

or, in the limit as 5t ~0,
d6(y, r)= kyG(y, r) Ay' —6(y, r) . —-

dy

Hence, the first term arises from the classical addition of
particles (the Poisson part) and the second, as discussed
in Sec. II, describes the efkct of random, quantum in-
terference.

~e can now make some quite general statements con-
cerning the efFects of quantum interference, independent

and difFerentiating art ( —y) k times we have,

I {0+P)(n,i)
1 (p)p"

Hence, the factorial moments of the field arising from a
random superposition of a negative binomial number of
photons is
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I (k +P)(n, i
)"

n'")=at
I (P)Pk

which agrees with intensity fluctuations found for the E
distribution. "

Considering the second factorial moment from Eq,
(27), we see that the quantum fiuctuations of the number
of photons arising from random superposition is always
t~ice that of the underlying classical distribution.
Hence, the Hanbury Brown-Twiss efFect is not just quali-
tatively present but, if properly de6ned, is quantitatively
the same, for arbitrary, non-Gaussian, noise fields. From
the derivation it is clear that during the superposition the
photon statistics evolve to those expressed in Eq. (27) ac-
cording to the interference terms summarized in Eq. (18}.

8. Heuristic interpretation

To better understand the identification of the random
interference terms we suggest the following heuristic
model of the interference process. Imagine a gradual
mixing of the electromagnetic field within a given
volume. Let hm represent the number of photons corre-
sponding to the amount of the field randomly mixed in
time b,t. Now, in the usual heuristic analysis of superpo-
sition of two wave packets (two photons) the interference
is sometimes considered to be either completely destruc-
tive, resulting in complete cancellation (zero photons) or
completely constructive, resulting in a doubling of the
amplitude and hence four photons. However, in chaotic
mixing it is relatively unlikely that either extreme will be
realized, but rather that the interference will either be
slightly constructive or slightly destructive. Hence, of
the five possible final number of photons (zero, one, two,
three, four} resulting from random interference of two
photons, the most likely number is still two, with some
probability of a net increase or decrease of one photon
and negligible probability of a change of +2 photons. If
the field consists of n photons and the rate of mixing cor-
responds to b,m/b, t photons per unit time, then it is
reasonable to suppose that the transition rate either up or
down by one photon wiB be proportional to n hm/b, t
(neglecting second-order difFerentiais in the numerator).
Hence, the transition rate diagram for the purely destruc-
tive part of this random interference would look like that
in Fig. 2, while the diagram for purely constructive in-
terference would be as presented in Fig. 3. Here the tran-
sition rates are dim/dkt times the numbers next to each
arrow. For destructive interference the corresponding
Kolmogorov equation is of the same form as the absorp-
tion terms in Eq. (10),

p„= A[np„—(n +—1)p.„+i],

(n+1)

(n-1)

destructive interference

terms

FIG. 2. Transition rates for random destructive interference.

one might expect there to be some recombination noise.
In fact, again making the difFusion approximation to ob-
tain the corresponding Fokker-Planck equation, we ob-
tain

8 1 8
p(n, t)= [7 np(n, t)]+—,[knp(n, t)],

Bn
'

2 Qni

with the corresponding stochastic difFerential equation

ri = A.n +&A—nest(t, ) .

From this one sees that the diffusion does remain, but evi-
dently the diffusion parameter is of precisely the correct
magnitude to insure the constancy of the normalized mo-
ments. However, the equation corresponding to Eq. (33)
in the P representation (to obtain which, no difFusion ap-
proximation is necessary),

P(a, t) =— ap(u, t)+ —a'p(a, t), (36)
l3

2 Btx

is not a FPE inasmuch as it contains no difFusion term,
thus more directly showing the constant nature of the
photon statistics. The corresponding difFerential equa-
tions

(37b)

are, in fact, deterministic. Hence, we see that for pure

(n+1)

where k, =Am /AI;.
%e saw that the probability generating function for

this equation (Eq. 12 with 5~ —A, ) conserves the value of
the normalized factorial moments; hence, the nature of
the photon statistics of an arbitrary initial Geld are not
changed by either linear absorption or, equivalently, pure
destructive interference. Viewing this process as a
generation-recombination process (with no generation),

(n-1)

constructive interference
terms

FIG. 3. Transition rates for random constructive interfer-
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p„=A[ np„—+(n —1)p„,] . (38)

Using standard methods the probability generating func-
tion is found to be

destructive interference (or liner absorption) the field-
amplitude decay is also deterministic.

Turning now to the pure constructive interference pro-
cess we recognize it as simply the Yule-Furry or linear
growth process' with the Kolmogorov equation

structive interference (the Yule-Furry process) as one
might have supposed. Instead, they are now proportional
to the negative of the destructive interference and tend to
cancel those terms in the "interference" part of the equa-
tion. In fact, if one takes 8 equal to zero (no absorption),
Eq. (10) can be written

p„= A [np„(n—+ 1 )p„+,] (stimulated emission)

+ 3 [(n +1)p„+, 2n—p„

G(y &)=Gp
1+y(e "'—1)

(39)
+(n —1)p„ i] (interference)

+ & [—p„+p„)] ("spontaneous" emission) . (44)

for an arbitrary initial distribution. To find the PGF
starting from exactly one photon, we use

Gp(y) =(1—y)',

From this one readily sees that stimulated emission has
the form of time reversed absorption, rather than con-
structive interference.

Canceling terms, we have

p. =~[—np. +(n —1)p. i]+~[ p. +p—. i]. (45)

(41)
1+y(ei.t 1)

The PGF of daughters is obtained by multiplying by
(1—y) ' which effectively subtracts 1 (the original pho-
ton) from n, yielding

G(y, i)=

G(y, i)= 1

I+y(erat I )
(42)

This is the PGF of a geometric or Bose-Einstein distribu-
tion with mean

n(t)=(e ' —1) . (43)

It is straightforward to show, however, that a Bose-
Einstein distribution is not preserved by this process. In
fact, if the number of original photons is defimtely np,
then the number of daughters is the sum of n p geometric
random variables, i.e., it has a negative binomial distribu-
tion.

We see that while pure destructive interference
preserves the nature of the photon statistics, pure con-
structive interference changes the statistics and enhances
photon clumping, in fact, as most clearly seen for at least
one case, leading to Bose-Einstein types of correlations.

%e have noted that the destructive interference terms
are the same as those corresponding to absorption of the
laser field in Eq. (10). The net effect of destructive in-
terference is identical to that of absorption of protons,
e.g., by the lower state of the lasing transition, or general-
ly by any linear absorption. When A &8 in Eq. (10) the
terms (now corresponding to amplification) no longer
constitute a valid Koimogorov equation by themselves. "
Hence, they do not really constitute the logical "oppo-
site" of absorption (or equivalently the opposite of pure
destructive interference) which we showed to be con-

The form of this equation is misleading, although it is, in
fact just the sum of pure constructive interference and
the Poisson (spontaneous emission) terms. It is what one
would write down directly for stimulated and spontane-
ous emission viewed as a particle cascade process (Yule-
Furry or pure constructive interference) plus independent
emission of photons, respectively. From the previous
analysis we interpret this as the fact that two errors of in-
terpretation (1) neglecting interference of the spontane-
ous emission, and (2) incorrecty identifying stimulated
emission as a classical cascade process, can cancel, thus
leading to the correct result. %e argue that this fact has
contributed to the confusion concerning the nature of in-
terference and stimulated emission in the past.

It is partly because the processes of spontaneous emis-
sion, interference, and stimulated emission are insepar-
able in a fully quantized theory that these processes are
so diScult to understand. To better understand stimulat-
ed emission as identified in Eq. (10), imagine running a
movie of the absorption process backwards. %e should
not be surprised to then see a process of coherent
amplifI[cation. However, the time reversal of a valid Kol-
mogorov equation cannot be another valid Kolmogorov
equation since the sign of k„„ is reversed. " By contrast,
the Yule-Furry process of "amplification" is a valid ran-
dom Markov process. Hence it cannot be the time rever-
sal of the absorption process. From these arguments one
also sees that stimulated emission cannot exist alone. It
must appear in the presence of spontaneous emission to
preserve the unitarity of the theory.
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